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Geodesic motion around a distorted static black hole
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St. John’s, Newfoundland and Labrador, A1C 5S7, Canada
2Department of Physics and Physical Oceanography, Memorial University,
St. John’s, Newfoundland and Labrador, A1C 5S7, Canada
In this paper we study geodesic motion around a distorted Schwarzschild black hole. We consider
both timelike and null geodesics which are confined to the black hole’s equatorial plane. Such
geodesics generically exist if the distortion field has only even interior multipole moments and so
the field is symmetric with respect to the equatorial plane. We specialize to the case of distortions
defined by a quadrupole Weyl moment. An analysis of the effective potential for equatorial timelike
geodesics shows that finite stable orbits outside the black hole are possible only for q ∈ (qmin, qmax],
where qmin ≈ −0.0210 and qmax ≈ 2.7086 × 10−4, while for null equatorial geodesics a finite stable
orbit outside the black hole is possible only for q ∈ [qmin, 0). Moreover, the innermost stable
circular orbits (ISCOs) are closer to the distorted black hole horizon than those of an undistorted
Schwarzschild black hole for q ∈ (qmin, 0) and a null ISCO exists for q = qmin. These results shows
that an external distortion of a negative and sufficiently small quadrupole moment tends to stabilize
motion of massive particles and light.
PACS numbers: 04.20.Jb, 04.70.-s, 04.70.Bw
I. INTRODUCTION
A study of geodesics exposes geometric properties of a
curved space-time such as its isometries and hidden sym-
metries, which allow for integrability of geodesic equa-
tions (see, e.g., [1–3] and references therein). Moreover,
an analysis of timelike and null geodesics, along which
test particles and light propagate respectively, is useful
for understanding the causal structure of a space-time
(see, e.g., [1, 4–10]) and physical processes in regions of
strong gravitational field (for example, around astrophys-
ical black holes and in the regions where gravitational
waves are present). Among such physical processes are
gravitational lensing (see, e.g., [12–16]), periastron shift
(see, e.g., [11, 14, 17]), the Lense-Thirring effect (see, e.g.,
[11, 18]), and gravitational spinoptics (see, e.g., [19–22]).
There is an immense literature in which geodesic mo-
tion is studied and integrated analytically or numerically
for many different types of a gravitational field. As a re-
sult of these studies, many interesting phenomena, such
as existence of a photon sphere around a black hole (see,
e.g., [7, 23–28]) or chaotic motion of a test particle in a
nonhomogenious vacuum pp-wave solution [29, 30] have
been found. Equatorial motion of charged particles in the
vicinity of the magnetically and tidally deformed black
hole represented by the Preston-Poisson metric was stud-
ied in [31].
This paper continues in this genre studying timelike
and null geodesics around a static distorted black hole.
Specifically we study Schwarzschild black holes distorted
by static and axisymmetric gravitational fields. These
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space-times are members of the Weyl class of solutions.
Astrophysically such distortions would be induced by sur-
rounding matter fields, however, these are not explicitly
included in Weyl space-times. Instead the distortions are
induced by a divergent asymptotic infinity. As such if we
are interested in potential astrophysical effects we must
restrict our attention to timelike and null geodesics in
the vicinity of the black hole horizon and consider these
solutions as local static distorted black holes (see, e.g.,
[32, 33, 35–37]).
Our goal is to see how distortion affects the geodesics.
In this initial study we restrict our attention to geodesics
confined to the black hole’s equatorial plane. Such
geodesics exist generically if the distortion has reflec-
tive symmetry across the plane. In particular we fo-
cus on the case of a quadrupole distortion. We demon-
strate that stable circular and bound timelike and null
geodesics exist if a quadrupole moment defining the dis-
tortion strength takes relatively small negative values.
The existence of bound null geodesics is an interesting
effect which was also observed in a five-dimensional vac-
uum solution which describes a uniform black string [38].
Recall that there is only one circular null geodesic or-
bit around a Schwarzschild black hole of mass m. It is
located at r = 3m and there are no other bound null
geodesics. The presence of a small quadrupole distor-
tion slightly modifies the Schwarzschild space-time in the
vicinity of the black hole horizon. As we show in this pa-
per, such a distortion by a negative and sufficiently small
quadrupole moment creates a “corridor of light” in the
equatorial plane of the black hole,
Besides the bound null geodesics, there are circular
stable and marginally stable null and timelike geodesics
around a distorted Schwarzschild black hole. Moreover,
for a small negative quadrupole moment, timelike ISCOs
come closer to the black hole horizon, while for a small
2positive quadrupole moment they move away (as com-
pared to the ISCO of an undistorted Schwarzschild black
hole). These results may have astrophysical applications
as realistic black holes are surrounded by external mat-
ter and fields which create distortion effects. However,
in this paper we focus only on a dynamical analysis of
timelike and null geodesics.
The paper is organized as follows. In the next section,
we present the metric of a distorted Schwarzschild black
hole, briefly discuss its main properties, and bring it to
a computational convenient dimensionless form. Related
useful expressions are presented in the Appendix. Sec-
tion III contains equations for timelike and null geodesics
confined to the black hole’s equatorial plane. In Section
IV we restrict ourselves to a quadrupole distortion and
study properties of the effective potential of the time-
like and null geodesic motion. Section V contains our
main results, the basic properties of timelike and null
geodesics. We summarize our results in the last section.
In this paper we use the following convention of units:
G = c = 1, and the sign conventions adopted in [24].
II. METRIC OF A DISTORTED STATIC
BLACK HOLE
Let us begin with the metric representing a local static
distorted black hole (see, e.g., [32, 33, 35–37]),
ds2 = −
(
x− 1
x+ 1
)
e2Udt2 +m2(x + 1)2(1− y2)e−2Udφ2
+ m2(x+ 1)2e2(V−U)
(
dx2
x2 − 1 +
dy2
1− y2
)
. (1)
Here t ∈ (−∞,+∞) is the time coordinate, x ∈ (1,+∞)
and y ∈ [−1, 1] are the prolate spheroidal coordinates,
and φ ∈ [0, 2π) is the azimuthal angular coordinate. The
metric functions U(x, y) and V (x, y) represent a distor-
tion. They solve the vacuum Einstein equations (A.1)–
(A.3) and are given in terms of the Legendre polynomials
of the first kind,
U =
∑
n≥0
anR
nPn , (2)
V =
∑
n,k≥1
nkanak
(n+ k)
Rn+k(PnPk − Pn−1Pk−1)
+
∑
n≥1
an
n−1∑
l=0
[(−1)n−l+1(x+ y)− x+ y]RlPl . (3)
Pn ≡ Pn(xy/R) , R =
√
x2 + y2 − 1 . (4)
The Legendre polynomials have the following properties
useful for our calculations:
Pn(−x) = (−1)nPn(x) , Pn(1) = 1 , (5)
dPn(x)
dx
=
nPn−1(x) − nxPn(x)
1− x2 , (6)
P2k(0) = (−1)k (2k − 1)!!
(2k)!!
, P2k+1(0) = 0 , (7)
k = 0, 1, 2, 3, ... ,
(2k − 1)!! = 1 · 3 · 5 · ... · (2k − 1) , (−1)!! = 1 ,
(2k)!! = 2 · 4 · 6 · ... · (2k) , 0!! = 1 .
The black hole’s horizon is located at x = 1 and the
space-time singularity is located at x = −1. The met-
ric functions U and V calculated on the horizon are the
following [34]:
U(1, y) =
∑
n≥0
any
n , V (1, y) = 2(U(1, y)− u0) , (8)
where
u0 =
∑
n≥0
an . (9)
The multipole moments an define a distortion
1 which
is due to an external static gravitational field (see, e.g.,
[35, 36]). According to the terminology used in New-
tonian gravitational theory and electromagnetism, the
coefficients in the multipole expansion of the distortion
gravitational field are called interior multipole moments.2
The distortion fields U and V defined by the interior mul-
tipole moments are regular and smooth at the black hole
horizons. Exterior multipole moments describe deforma-
tions of the source [35, 36]. They are given in terms
of the Legendre polynomials of the second kind (see,
e.g., [36, 50]). According to the Schwarzschild black hole
uniqueness theorem [51], the Schwarzschild black hole is
the only static, asymptotically flat, vacuum black hole
with a regular horizon. Thus, such deformations make
the black hole horizon singular (see, e.g., [50]).
The first term in the expansion of the distortion field
U is the monopole and in our case it represents a back-
ground distortion defined by a monopole moment a0.
1 These multipole moments sometimes are called the Weyl multi-
pole moments. A relation of the Weyl multipole moments to their
relativistic analogues was discussed in [39] for the Schwarzschild
black hole distorted by an external field. The general formal-
ism, which includes both the Thorne [40] and the Geroch-Hansen
[41–44] relativistic multipole moments is presented in [45]. A re-
lation between the Thorne and the Geroch-Hansen relativistic
multipole moments is given in [46, 47].
2 Note that even though U satisfies the Laplace equation, it is a
relativistic field. In order to construct the corresponding New-
tonian analogue of the field, one has to take the nonrelativistic
limit lim
c
2→∞ c
2U(x, y, c2), where c is the speed of light (see,
e.g., [48, 49]).
3The next term is the dipole defined by a dipole moment
a1, which according to the black hole equilibrium condi-
tion (see Eq.(10) below), is related to the higher order
multipole moments. The next term is the quadrupole,
which is defined by a quadrupole moment a2. Here we
shall consider only the subleading terms in the multipole
expansion of the distortion field.
To have the horizon free of conical singularities on the
symmetry axis y = ±1 the multipole moments have to
satisfy the following condition:∑
n≥0
a2n+1 = 0 . (10)
This condition is sometimes called the black hole equi-
librium condition [7].
If we consider that the distortion field is generated by
some material sources which satisfy the strong energy
condition, then we necessarily have (see, e.g. [37]),
U ≤ 0 , (11)
which implies
u0 ≤ 0 , u0 =
∑
n≥0
a2n . (12)
The expressions above define a local static distorted black
hole.
Using the coordinate transformations
x =
r
m
− 1 , y = cos θ , (13)
and removing the distortion by making all the multipole
moments an vanish we derive the Schwarzschild metric
(see, e.g., [23, 24]),
ds2 = −
(
1− 2m
r
)
dt2 +
(
1− 2m
r
)−1
dr2 + r2dω2 ,
dω2 = dθ2 + sin2 θdφ2 . (14)
In what follows, it is convenient to present the metric
(1) in a dimensionless form
dS2 = −
(
x− 1
x+ 1
)
e2UdT 2 + (x+ 1)2(1− y2)e−2Udφ2
+ (x + 1)2e2(V−U)
(
dx2
x2 − 1 +
dy2
1− y2
)
, (15)
where
ds2 = Ω2dS2 , Ω2 = m2e−2u0 ,
t = me−2u0T , U = U − u0 . (16)
III. GEODESIC EQUATIONS
In this section we construct equations for timelike and
null geodesics in the vicinity of a distorted static black
hole. We restrict ourselves to the geodesics lying in the
equatorial plane of the distorted black hole. As we illus-
trate below, such geodesics exist only for certain types of
distortion.
A geodesic equation is defined as follows:
x¨α + Γαβγ x˙
β x˙γ = 0 . (17)
Here the overdot stands for the derivative with respect to
a proper time τ , for timelike geodesics, or with respect to
an affine parameter λ, for null geodesics. For the space-
time (15) the Christoffel symbols are the following:
ΓxTT =
(x − 1)
(x+ 1)3
[
1 + (x2 − 1)U,x
]
e4U−2V ,
Γxxx = −
1
x2 − 1 + V,x − U,x ,
Γxxy = V,y − U,y ,
Γxyy = −
(x− 1)
(1− y2) [1 + (x+ 1)(V,x − U,x)] ,
Γxφφ = −(x− 1)(1− y2) [1− (x+ 1)U,x] e−2V , (18)
ΓyTT =
(x − 1)
(x+ 1)3
(1− y2)U,ye4U−2V ,
Γyxx =
(1− y2)
(x2 − 1) (U,y − V,y) ,
Γyxy =
1
x+ 1
+ V,x − U,x ,
Γyyy =
y
1− y2 + V,y − U,y ,
Γyφφ = (1− y2)
[
y + (1− y2)U,y
]
e−2V .
The space-time (15) has Killing vectors ξα(T ) = δ
α
T and
ξα(φ) = δ
α
φ . Accordingly, there are the following quantities
conserved along a geodesic:
E ≡ −ξα(T )uα =
(
x− 1
x+ 1
)
e2U T˙ , (19)
Lφ ≡ ξα(φ)uα = (x+ 1)2(1− y2)e−2U φ˙ . (20)
For a massive particle the quantity Lφ represents the par-
ticle’s dimensionless azimuthal angular momentum. The
interpretation of E is more complicated. For an asymp-
totically flat space-time with ξα(T ) normalized at asymp-
totic infinity it would represent the particle’s per unit
mass as measured by a (static) observer at infinity mov-
ing with four-velocity ξα(T ). However our space-time is not
asymptotically flat and so ξα(T ) does not have a natural
scaling.
While the exterior region of the space-time can be sur-
gically modified to include an asymptotically flat region
this is not sufficient to uniquely determine the scaling:
the surgery itself is not unique. Nevertheless for any
given scaling E is conserved and this is enough to pro-
ceed with the calculations. Here we choose to work with
the (convenient) naive scaling inherited from the coordi-
nate system.
4With the expressions (19)–(20) the dynamical system
(17) reduces to a two-dimensional one, confined to a
(x, y)−plane,
x¨+ Γxxxx˙
2 + 2Γxxyx˙y˙ + Γ
x
yyy˙
2 (21)
+ E2
(
x+ 1
x− 1
)2
e−4UΓxTT +
L2φe4U
(x+ 1)4(1− y2)2Γ
x
φφ = 0 ,
y¨ + Γyxxx˙
2 + 2Γyxyx˙y˙ + Γ
y
yyy˙
2 (22)
+ E2
(
x+ 1
x− 1
)2
e−4UΓyTT +
L2φe4U
(x+ 1)4(1− y2)2Γ
y
φφ = 0 .
There is an additional constraint uαuα = ε, where u
α =
x˙α is 4-velocity, ε = −1 for timelike, and ε = 0 for null
geodesics. The constraint takes the following form:
(x+ 1)2e2(V−U)
(
x˙2
x2 − 1 +
y˙2
1− y2
)
(23)
−E2
(
x+ 1
x− 1
)
e−2U +
L2φe2U
(x+ 1)2(1− y2) = ε .
Let us now consider geodesics confined to the black
hole’s equatorial plane (y = 0). In order to have y =
const, one must have y˙ = y¨ = 0 along such a geodesic.
According to the expressions (18), (22), (23), and (A.3),
this condition boils down to the condition
U,y|y=0 = 0 . (24)
Using the expressions (2), (4), (6), and (7) we can present
this condition in an explicit form
U,y =
∑
n≥0
a2n+1x(1 − x2)n (2n+ 1)!!
(2n)!!
= 0 . (25)
This condition is satisfied generically if a distortion does
not contain odd multipole moments. In other words,
there are geodesics confined to the equatorial plane if
a2n+1 = 0 , n = 0, 1, 2, ... . (26)
Note that this condition is stronger than the condition
(10). Physically it corresponds to the intuitive require-
ment that the space-time have reflective symmetry across
the equatorial plane. Without such symmetry one would
generically expect that particles would be pulled out of
that plane.
In what follows, we shall study the equatorial
geodesics. The distortion fields satisfying the condition
(26) take the following form on the equatorial plane:
U¯ ≡ U|y=0 =
∑
n≥0
a2n(1 − x2)n (2n− 1)!!
(2n)!!
− u0 , (27)
V¯ ≡ V |y=0 = −2
∑
n≥1
a2nx
n−1∑
l=0
(1− x2)l (2l − 1)!!
(2l)!!
(28)
+ 2
∑
n,k≥1
nka2na2k
(n+ k)
(1− x2)n+k (2n− 1)!!(2k − 1)!!
(2n)!!(2k)!!
,
and the geodesic equation (21) reads
x¨− x˙
2
x2 − 1 + (V¯,x − U¯,x)x˙
2 +
E2e−2V¯
x2 − 1 [1 + (x
2 − 1) U¯,x]
−L
2(x− 1)e4U¯−2V¯
(x+ 1)4
[1− (x+ 1) U¯,x] = 0 . (29)
Here and in what follows, L = Lφ(y = 0) is the dimen-
sionless total angular momentum. The constraint (23)
projected on the equatorial plane is an integral of the
geodesic equation. We present the constraint in the fol-
lowing archetypal form:
e2V¯ x˙2 = E2 − Ueff , (30)
Ueff =
(
x− 1
x+ 1
)
e2U¯
[
−ε+ L
2 e2U¯
(x+ 1)2
]
. (31)
Here Ueff is the effective potential of the dynamical mo-
tion (29). We shall study its properties in the following
section.
IV. EFFECTIVE POTENTIAL
Let us now study properties of the effective potential
(31). We shall consider the case of timelike geodesics,
ε = −1, and null geodesics, ε = 0, separately.
A. Effective potential for timelike geodesics
The effective potential for timelike geodesics reads
Ueff =
(
x− 1
x+ 1
)
e2U¯
[
1 +
L2 e2U¯
(x+ 1)2
]
. (32)
In the absence of distortion this potential coincides with
the effective potential for a massive test particle moving
in an equatorial plane of a Schwarzschild black hole (see,
e.g., p.639 [24]). Here we shall consider a quadrupole
distortion defined by a quadrupole moment a2 = q [cf.
(27) and (28)],
U¯ = − q
2
(x2 + 1) , (33)
V¯ = −2qx+ q
2
4
(x2 − 1)2 . (34)
Let us study properties of the corresponding effective
potential in the external to the black hole region x ∈
(1,+∞). We have
lim
x→1+
Ueff = 0
+ , lim
x→+∞
Ueff =


+∞ , q < 0
1− , q = 0 .
0+ , q > 0
(35)
The effective potential is positive and continuous in the
region. By continuity of Ueff we can infer that for q ≤ 0
5there is an even number of extrema, if any, while for q > 0
the number of extrema, if any, is odd. The next step is
to find extrema of Ueff. An equation for the extrema
Ueff,x = 0 is equivalent to the equation
f = L2e−q(x2+1) , (36)
where
f =
(x+ 1)2[1− qx(x2 − 1)]
[x− 2 + 2qx(x2 − 1)] . (37)
Thus, to find extrema of the effective potential we have
to study properties of the function f . We have
lim
x→1+
f = −4− , lim
x→+∞
f =
{
−∞ , q 6= 0
+∞ , q = 0 . (38)
For q = 0 the function f diverges at x = 2 and for q 6= 0
it diverges along the curve (see curve 1 in Fig. 1)
q =
(2− x)
2x(x2 − 1) (39)
and vanishes along the curve (see curve 2 in Fig. 1)
q =
1
x(x2 − 1) . (40)
There is one trivial solution to Eq. (36) defined by L = 0
and Eq. (40). This solution corresponds to a parti-
cle at rest, (x, y, φ) = const., with respect to the black
hole. Such a solution doesn’t exist for an undistorted
Schwarzschild black hole, but it is possible in the case
of a distorted Schwarzschild black hole where the black
hole’s gravitational attraction is balanced by the external
distortion.
The region enclosed between curves 1 and 2 defines
the values of q and x for which, given appropriate values
of |L|, extrema of Ueff exist. Accordingly, the effective
potential has extrema if q > qmin. Let us now define the
number of the extrema. To do it, we shall study extrema
of the function f . The equation for extrema f,x = 0 is
equivalent to the equation
4x2(x2−1)2q2+2x(x+1)(2x2−5x+4)q−x+5 = 0 . (41)
Solving this equation for q we derive
q± = −2x
2 − 5x+ 4±√D
4x(x− 1)(x2 − 1) , (42)
D = 4x4 − 16x3 + 13x2 + 4x− 4 . (43)
The branches q± are real if D ≥ 0. This condition holds
in the regions x ∈ (1, x1)∪ (x2,+∞), where x1 ≈ 1.2255,
x2 ≈ 2.7194. The branch q− passes through the region
enclosed by the curves 1 and 2 and intersects curve 1 at
the point A (see Fig. 1). Thus, it corresponds to the
extrema of the function f where f > 0. In that region
this branch has also zero value at x = 5 and an extremum
FIG. 1. The region enclosed between curve 1 [see Eq.(39)]
and curve 2 [see Eq.(40)] defines the values of q and x for
which extrema of Ueff exist. Curve 1 has a minimum (point
A) at x = xmin = 1 + 2 cos(pi/9) ≈ 2.8794 where q = qmin ≈
−0.0210. Curves q± define extrema of the function f . Curve
q− intersects curve 1 at the point A, it vanishes at x = 5,
and has a maximum (point B) at xmax ≈ 6.5018 where q− =
qmax ≈ 2.7086 × 10−4.
(maximum) at x = xmax ≈ 6.5018 where q− = qmax ≈
2.7086× 10−4.
Using Fig. 1 we can deduce properties of the function
f and, consequently, properties of the effective potential.
They are as follows:
q < qmin: The function f is negative, thus the effective
potential doesn’t have extrema for any value of |L|.
According to (35), it grows monotonically in the
region x ∈ (1,+∞) [see Fig. 2, plot (a)].
q = qmin: The function f diverges at x = xmin. It
has one extremum (maximum) in the region x ∈
(xmin,+∞). The function f is negative in the re-
gion x ∈ (1,+∞). Accordingly, Eq. (36) has no
real solutions. Thus, the effective potential has no
extrema for any value of |L|. Its behaviour is the
same as in the previous case [see Fig. 2, plot (a)].
q ∈ (qmin, 0): The function f diverges at two points, x =
xI and x = xII given by roots of Eq. (39). It has
one extremum (minimum) at x ∈ (xI , xII), where
it is positive, and one extremum (maximum) at
x ∈ (xII ,+∞), where it is negative. Thus, Eq. (36)
has at most two real roots for appropriate values of
|L| > |Lmin|, where |Lmin| depends on the value of
q. These roots merge for |L| = |Lmin|. Accordingly,
the effective potential has two extrema (maximum
and minimum) which merge at the point of inflec-
tion for |L| = |Lmin| [see Fig. 2, plot (b)]. For
|L| < |Lmin| the effective potential has no extrema.
6q = 0: The function f diverges at x = 2. It has one
extremum (minimum) at x ∈ (2,+∞), where it
is positive. Thus, Eq. (36) has at most two real
roots for appropriate values of |L| > |Lmin| = 2
√
3.
These roots merge for |L| = |Lmin|. Accordingly,
the effective potential has two extrema (maximum
and minimum) which merge at the point of inflec-
tion for |L| = |Lmin| [see Fig. 2, plot (c)]. For
|L| < |Lmin| the effective potential has no extrema.
q ∈ (0, qmax): The function f diverges at one point x =
xI . It has two extrema (maximum and minimum)
at x ∈ (xI ,+∞), where it is positive. Thus, Eq.
(36) has at most three real roots for appropriate
values of |L| ∈ (|Lmin|, |Lmax|), where |Lmin| and
|Lmax| depend on the value of q. Accordingly, the
effective potential has three extrema (two maxima
and one minimum). The first maximum and the
minimum merge at the point of inflection for |L| =
|Lmin|. The minimum and the second maximum
merge at the point of inflection for |L| = |Lmax|.
This behaviour of the effective potential is illus-
trated in Fig. 2, plot (d). For |L| < |Lmin| or
|L| > |Lmax| the effective potential has only one
extremum (maximum).
q = qmax: The function f diverges at one point x = xI .
It has an inflection point at x ∈ (xI ,+∞), where
it is positive. One can show that Eq. (36) has one
real root in the region x ∈ (xI ,+∞) for any value
of |L|. Accordingly, the effective potential has only
one extremum (maximum). For |L| ≈ 3.3708 the
effective potential has an inflection point at x =
xmax. This behaviour of the effective potential is
illustrated in Fig. 2, plot (e).
q > qmax: The function f has no extrema. It diverges
at one point x = xI and monotonically decreases
from +∞ to −∞ in the region x ∈ (xI ,+∞). Thus,
Eq. (36) has one real root for any value of |L|. Ac-
cordingly, the effective potential has one extremum
(maximum). The behaviour of the effective poten-
tial is illustrated in Fig. 2, plot (f).
Thus, we see that the effective potential may allow
(depending on the value of |L|) for stable and marginally
stable circular orbits (ISCO’s) and finite motion outside
the black hole only for q ∈ (qmin, qmax].
B. Effective potential for null geodesics
For null geodesics, the effective potential reads
Ueff =
(x− 1)
(x+ 1)3
L2 e4U¯ . (44)
Considering again a quadrupole distortion as in (33), let
us now study properties of the effective potential in the
region external to the black hole x ∈ (1,+∞). We have
lim
x→1+
Ueff = 0
+ , lim
x→+∞
Ueff =
{
+∞ , q < 0
0+ , q ≥ 0 . (45)
The effective potential is again positive and continuous
in this region. In this case, the continuity of Ueff implies
that there is an even number of extrema for q < 0 and
an odd number of extrema for q ≥ 0. Again, we seek
extrema of Ueff. An equation for the extrema Ueff,x = 0
is equivalent to
x− 2 + 2qx(x2 − 1) = 0 , (46)
which does not depend on the value of L. This is pre-
cisely the condition where the function f defined in (37)
diverges. It is equivalent to (39) which is illustrated by
curve 1 in Fig. 1. From this curve, we can see that the ef-
fective potential has extrema if q ≥ qmin. Using Fig. 1 we
deduce properties of the effective potential in the region
x ∈ (1,+∞). They are the following:
q < qmin: No real roots of (46) exist. Thus, the effective
potential does not possess any extrema and grows
monotonically [see Fig. 3, plot (a)].
q = qmin: There is one real root of (46) at x = xmin.
Thus, the first derivative (as well as the second
one) of the effective potential vanishes at one point
(point of inflection) when x = xmin ≈ 2.8794 [see
Fig. 3, plot (b)].
q ∈ (qmin, 0): There are two real roots of (46). The ef-
fective potential has a maximum at x ∈ (1, xmin)
and a minimum at x ∈ (xmin,+∞) [see Fig. 3, plot
(c)].
q = 0: There is one root, x = 2, of (46) where the ef-
fective potential has a maximum [see Fig. 3, plot
(d)].
q > 0: There is one real root of (46) at x ∈ (1, 2) where
the effective potential has a maximum [see Fig. 3,
plot (d)].
Thus, we see that the effective potential will allow for
an ISCO and bound orbits of null geodesics outside the
black hole only for q ∈ [qmin, 0).
V. EQUATORIAL GEODESICS
Let us now study equatorial geodesics. We shall con-
sider the case of timelike geodesics, ε = −1, and null
geodesics, ε = 0, separately.
A. Equatorial timelike geodesics
One can see an effect of the distortion field on equa-
torial timelike geodesics on the example of ISCO’s. It is
7(a) (b)
(c) (d)
(e) (f)
FIG. 2. The effective potential for timelike geodesics. Plot (a): q ≤ qmin, |L| = 10. Curve 1: q = −0.0250; Curve 2: q = qmin.
Plot (b): q ∈ (qmin, 0), q ≈ −0.0052. Curve 1: |L| = 10; Curve 2: |L| ≈ 4.5625. The inflection point A is at x = 3.46. Plot (c):
q = 0. Curve 1: |L| = 1 + 2√3; Curve 2: |L| = 2√3. The inflection point A is at x = 5. Plot (d): q ∈ (0, qmax), q = 0.0001.
Curve 1: |L| ≈ 3.5691; Curve 2: |L| ≈ 3.4327. The inflection point A is at x ≈ 5.2092; Curve 3: |L| ≈ 3.7055. The inflection
point B is at x ≈ 11.7595. Plot (e): q = qmax. Curve 1: |L| ≈ 3.3708. The inflection point A is at x = xmax ≈ 6.5018; Curve
2: |L| ≈ 2.8708; Curve 3: |L| ≈ 3.8708. Plot (f): q ≥ qmax, |L| = 5. Curve 1: q = qmax; Curve 2: q = 0.01.
8(a) (b)
(c) (d)
(47)
FIG. 3. The effective potential for null geodesics with L = 1. Plot (a): q < qmin, q = −0.0250. Plot (b): q = qmin. The
inflection point A is at x = xmin ≈ 2.8794. Plot (c): q ∈ (qmin, 0), q = −0.01. Plot (d): q ≥ 0. Curve 1: q = 0; Curve 2:
q = 0.01.
well known that in the case of undistorted Schwarzschild
black hole rISCO = 6m which, according to the trans-
formation (13), corresponds to xISCO = 5. Due to the
distortion field, rISCO changes its value. In the case of
a quadrupole distortion, the change is defined by both
the sign and the value of a quadrupole moment q. Ac-
cording to the plots presented in Fig. 2, we see that for
q ∈ (qmin, 0), xISCO < 5, while for q ∈ (0, qmax], xISCO > 5.
There are no ISCOs for q > qmax.
Let us now study the kinematics of a massive particle
in the limit q → q+min. Let us calculate the linear velocity
vˆ of a massive particle in an equatorial circular orbit as
measured by a stationary observer located at the same
radius. In the coordinate basis, the 4-velocity of the par-
ticle is given by
uα = γ(1, 0, 0,Ω) , (48)
where γ is the gamma factor and
Ω =
φ˙
T˙
∣∣∣∣∣
y=0
=
L
E
(x− 1)
(x+ 1)3
e4U¯ (49)
is the angular velocity of the particle. The tetrad related
to the observer reads
eTˆα =
√−gTT δTα , exˆα =
√
gxx δ
x
α ,
eyˆα =
√
gyy δ
y
α , e
φˆ
α =
√
gφφ δ
φ
α . (50)
In the observer’s frame, the particle’s 4-velocity is
uαˆ = eαˆα u
α = γˆ(1, 0, 0, vˆ) . (51)
From this, we find that the linear velocity of the particle
in a circular orbit measured by the stationary observer
9located at the same radius is
vˆ =
L
E
(x− 1)1/2
(x+ 1)3/2
e2U¯ . (52)
Using the expression (30) for a circular orbit (x˙ = 0),
and the expressions (32) and (36) we derive
vˆ =
sign(L)√f√
(x+ 1)2 + f
, (53)
This expression implies that the observed velocity ap-
proaches the speed of light (vˆ → ±1) when f diverges.
This corresponds to curve 1 in Fig. 1. Thus bounded
timelike geodesics do not exist along this curve which
includes q = qmin.
Let us now find the corresponding values of xISCO de-
fined by the range q ∈ (qmin, qmax]. According to Fig. 1
and Fig. 2, plot (b), the minimal value of xISCO corre-
sponds to q = q+min [cf. Eq. (42)],
xISCOmin = lim
q
−
→q+
min
x(q−) = 1 + 2 cos(π/9) ≈ 2.8794 .
(54)
Using the transformation (13), we find
rISCOmin = 2m[1 + cos(π/9)] ≈ 3.8794m. (55)
This value is approximately 29% larger than the radius
of the photon sphere of the Schwarzschild black hole,
rphoton = 3m.
In order to see the effect of distortion in an invariant
way, let us calculate the proper distance from the ISCO
to the black hole horizon ℓmin and the ISCOs circumfer-
ence Cmin. We consider adiabatic distortion, so that the
distorted black hole horizon area
Ah = 16πm
2e−2u0 (56)
is constant, which is equal to the horizon surface area of
an undistorted Schwarzschild black hole. We define the
proper distance from the ISCO to the black hole horizon
and its circumference in units of the radius rh correspond-
ing to the area Ah,
rh =
(
Ah
4π
)1/2
= 2me−u0 . (57)
Using the metric (1), where we put t = const, y = 0, and
φ = const, and the expressions (8), we derive the proper
distance ℓmin from the black hole horizon (x = 1) to the
ISCO (x = xISCOmin),
ℓmin =
1
2
∫ xISCOmin
1
dx
√
x+ 1
x− 1e
qmin
2
(x2−4x+1)+
q
2
min
4
(x2−1)2
≈ 2.2722 , (58)
where we used the expressions (27) and (28) for a
quadrupole distortion. In the absence of distortion we
derive
ℓSch =
1
2
∫ 5
1
dx
√
x+ 1
x− 1 =
√
6+
1
2
ln
(
5 + 2
√
6
)
≈ 3.5957 .
(59)
The proper distance form the distorted black hole’s hori-
zon to the corresponding ISCO is 37% less than that of
an undistorted Schwarzschild black hole.
Let us now calculate the circumference Cmin of the
ISCO. Using the metric (1), where we put t = const,
y = 0, and x = xISCOmin, and the expression (27), we
derive
Cmin = π(xISCOmin+1)e
qmin
2
(xISCOmin2+1) ≈ 11.0575 . (60)
In the absence of distortion one has
CSch = 6π ≈ 18.8496 . (61)
The circumference of the distorted black hole’s ISCO is
41% less than that of an undistorted Schwarzschild black
hole.
As a summary we conclude that due to the negative
quadrupole distortion of the minimal value q = q+min, the
distorted black hole’s ISCO is closer to the horizon and its
circumference becomes less than that of an undistorted
Schwarzschild black hole.
Let us now consider the case of positive quadrupole
moment q ∈ (0, qmin]. According to Fig. 1 and Fig. 2,
plots (d) and (e), the maximal value of xISCO can be ar-
bitrary large within the validity of the local black hole
model (see discussion at the end of Conclusion). Indeed,
one can infer that for q → 0+ and an appropriate value
of |L| the point of inflection corresponding to a merger
between the minimum and the second maximum of the
effective potential can be arbitrary far from the black
hole horizon. On the other side, the x-coordinate of the
point of inflection corresponding to a merger between the
first maximum and the minimum of the effective poten-
tial approaches the value of x = 5. In what follows, we
shall consider the point of inflection corresponding to the
maximal value of q = qmax and define its x-coordinate as
xISCOmax. Using the results of the previous section and
the transformation (13), we find
xISCOmax ≈ 6.5018 , (62)
and
rISCOmax ≈ 7.5018m. (63)
This value is approximately 25% larger than the radius
of the ISCO of the Schwarzschild black hole, rISCO = 6m.
Let us now calculate the proper distance ℓmax from the
black hole horizon (x = 1) to the ISCO (x = xISCOmax)
and the ISCO circumference Cmax. Replacing qmin with
qmax and xISCOmin with xISCOmax in the expressions (58)
and (60) we derive
ℓmax ≈ 4.4927 , (64)
and
Cmax ≈ 23.7062 . (65)
The proper distance from the distorted black hole’s hori-
zon to the corresponding ISCO is 25% greater and the
ISCO circumference is 26% greater than those of an
undistorted Schwarzschild black hole.
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B. Equatorial null geodesics
We will now examine the effect of the distortion field
on equatorial null geodesics. In the case of an undistorted
Schwarzschild black hole, no stable circular orbits exist.
Circular orbits of radius r = 3m corresponding to x = 2
by transformation (13), are possible, but are unstable.
However, in the presence of a quadrupole distortion, sta-
ble circular orbits exist and the radius of these orbits are
defined by the value of the quadrupole moment q. Ac-
cording to the plots presented in Fig. 3, we see that for
q ∈ [qmin, 0), bounded orbits exist.
According to Fig. 1 and Fig. 3, plots (b) and (c), the
value of xISCO corresponds to q = qmin which can be found
from Eq. (39). The result is
xISCO = xmin = 1 + 2 cos(π/9) ≈ 2.8794 . (66)
Using the transformation (13), we find
rISCO = 2m[1 + cos(π/9)] ≈ 3.8794m. (67)
As was the case for timelike geodesics, the minimum
proper distance from the horizon to the ISCO ℓmin is
given by (58) and the minimum circumference Cmin of
the ISCO is given by (60).
Due to the negative quadrupole distortion of the min-
imal value q = qmin, the ISCO of null geodesics is the
limiting orbit for ISCO’s of a massive test particle ap-
proaching the speed of light (see the previous subsection).
A bounded photon orbit corresponding to the effective
potential in Fig. 3, plot (c) is shown in Fig. 4.
FIG. 4. Bounded photon orbit with a periastron shift for
q = −0.01 and L = 1. The orbit’s parameters are xmin = 4,
xmax ≈ 7.6308, and λ ∈ [0, 700]. The arrows illustrate the
initial and final points of the orbit.
In the case of a positive quadrupole moment q > 0, no
stable circular orbits exist. However, according to Fig. 1
and Fig. 3, plot (d), there exists an unstable circular
orbit approaching x = 1 for arbitrarily large q. This
corresponds to the horizon of the distorted black hole
r = 2m.
VI. CONCLUSION
In this paper we studied timelike and null geodesics
in the vicinity of a local static distorted black hole. We
restricted ourselves to geodesics lying in the equatorial
plane. Such geodesics exist if there are no odd interior
multipole moments in the distortion field. This corre-
sponds to a space-time having reflective symmetry across
the equatorial plane. We considered a quadrupole distor-
tion defined by the quadrupole moment q.
As a result of our study, we found that there are
ISCOs and bound orbits of timelike geodesics for q ∈
(qmin, qmax], where qmin ≈ −0.0210 and qmax ≈ 2.7086×
10−4. For q ∈ (qmin, 0) the corresponding ISCOs are
located closer to the black hole horizon than the ISCO
of a Schwarzschild black hole of the mass m, which is
at r = 6m. The closest ISCO is defined by q → q−min
which is at rISCOmin ≈ 3.8794m. This value is approxi-
mately 29% larger than the radius of the photon sphere
of the Schwarzschild black hole, rphoton = 3m. We also
calculated the proper distance to the distorted black hole
horizon and the circumference for the closest ISCO and
found that the proper distance is 37% less and the cir-
cumference is 41% less than those corresponding to the
ISCO of the Schwarzschild black hole.
For positive values of the quadrupole moment q ∈
(0, qmax] the effective potential has three extrema, two
maxima and one minimum. Thus one class of ISCOs
corresponds to a merger between the minimum and the
second maximum of the effective potential. As a result,
such ISCOs can be located arbitrarily far from the black
hole horizon within the region of validity of our solution
(see the last paragraph of this section). Another class of
ISCOs corresponds to a merger between the first maxi-
mum and the minimum of the effective potential. As a
result, such ISCOs are located close to a distorted black
hole horizon. We calculated that for q = qmax there
is the farthermost ISCO of the second class located at
rISCOmax ≈ 7.5018m. This value is approximately 25%
larger than the radius of the ISCO of a Schwarzschild
black hole of the mass m, rISCO = 6m. We calculated
the proper distance to the distorted black hole horizon
and the circumference for this ISCO and found that the
proper distance is 25% greater and the circumference is
26% greater than those corresponding to the ISCO of the
Schwarzschild black hole.
In addition to the ISCOs and bound orbits there are
also (unstable) “static points” where a massive particle
can stay at rest with respect to the distorted black hole.
These points are defined by curve 2 in Fig. 1. Note that
there is only one point for a given value of q. Due to the
axial symmetry, this point corresponds to a “static ring”
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around a distorted Schwarzschild black hole.
We found that for q ∈ [qmin, 0) there is a null ISCO as
well as bound null geodesic orbits lying in the equatorial
plane of a distorted Schwarzshild black hole. The ISCO
exists for q = qmin and it is located at rISCO ≈ 3.8794m.
The proper distance from this ISCO to the distorted
black hole horizon is 37% less and its circumference is
41% less than these of ISCO of a timelike geodesics of
a Schwarzschild black hole of mass m. We illustrated
the existence of bound orbits of null geodesics lying in
the equatorial plane of the distorted black hole in Fig. 4.
These orbits have periastron shift. They create a “corri-
dor of light” around a distorted black hole, in its equa-
torial plane.
The existence of the ISCO and bound orbits of null
geodesics, as well as ISCOs of timelike geodesics which
are located closer to the distorted black hole horizon than
the ISCO of a Schwarzschild black hole, can be intuitively
explained by Newtonian picture. In Newtonian gravity
a gravitational potential whose multipole expansion is
dominated by an interior quadrupole moment qN can be
modelled by two equal pointlike masses µ located on the
z-axis at the distance d from the origin and an infinites-
imally thin ring of the mass M and radius R located at
the plane perpendicular to the z-axis and centred at the
origin. In this case we have qN = M/(2R
3) − 2µ/d3.
Thus, if the contribution of the point-like masses to the
gravitational field is greater than that of the ring, then
qN < 0, otherwise, qN ≥ 0. If qN < 0, then there is a net
force acting on a particle and directed towards the z-axis.
This force creates the potential barrier at some distance
from the black hole horizon, as in the plots (a), and (b)
in Fig. 2 and (a), (b), (c) in Fig. 3. The other potential
barrier, which is closer to the black hole horizon, is due
to the angular motion. In a similar way, one can explain
the existence of the “static ring” for q ∈ (0, qmax]. In this
case qN > 0 and the contribution of the ring to the grav-
itational potential is greater than that of the pointlike
masses. As a result, there is a net force directed to the
ring, outward from the black hole. This force balances
the black hole’s gravitational pull at the “static ring”
around the black hole.
In order to justify the distortion in this way, its con-
tribution to the space-time curvature in the vicinity of
the distorted black hole horizon should be small com-
pared to that of the black hole. To estimate a con-
tribution of the distortion to the space-time curvature,
let us consider the quadrupole distortion at the black
hole horizon, on the equatorial plane. On a static black
hole horizon the Kretschmann scalar curvature invari-
ant is K|Horizon = 12K2, where K is the Gaussian cur-
vature of the horizon two-dimensional spacelike surface
(for details see, e.g., [32, 33, 52–54]). For the metric
(15), K = (1 + 2q) exp(2q), and for |q| ≪ 1 one has
K ≈ 1 + 4q+ 6q2. This suggests that for q ∈ [qmin, qmax]
our interpretation is justified. Such a distortion slightly
modifies the space-time geometry in the vicinity of the
black hole’s horizon and results in the deformation of the
timelike and null geodesics.
Note that the presence of an extra spatial dimension
has a similar effect on null geodesics around a uniform
black string [38]. As it was shown in [38], due to the ex-
tra fifth (compact) spatial dimension, a photon acquires
a positive test mass. As a result, the corresponding ef-
fective potential is exactly the same as that for a massive
test particle moving around a Schwarzschild black hole in
its equatorial plane. However, the photon’s mass is pro-
portional to the speed of propagation of the photon in the
fifth dimension. Thus, bound orbits of null geodesics are
not confined to an equatorial plane of the Schwarzschild
black hole.
In this paper we have restricted our attention to
geodesics in the equatorial plane. However it would be
interesting to study general timelike and null geodesics
around a distorted Schwarzschild black hole as well as
those around a distorted Kerr black hole.
Appendix: Einstein equations
In this Appendix we present the vacuum Einstein equa-
tions Rµν = 0 for the metric (1). These equations reduce
to the following equations for the distortion fields U(x, y)
and V (x, y) in the prolate spheroidal coordinates:
(1− x2)U,xx − 2xU,x − (1− y2)U,yy + 2yU,y = 0 , (A.1)
V,x =
(1 − y2)
(x2 − y2)
(
x
[
(x2 − 1)U2,x − (1− y2)U2,y
]
− 2y(x2 − 1)U,xU,y + 2xU,x − 2yU,y
)
, (A.2)
V,y =
1
(x2 − y2)
(
y(x2 − 1) [(x2 − 1)U2,x − (1− y2)U2,y]
+ 2x(x2 − 1)(1− y2)U,xU,y (A.3)
+ 2y(x2 − 1)U,x + 2x(1− y2)U,y
)
.
The functions (2)–(4) solve these equations (see, e.g., [35,
36]).
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